Abstract. In extensions of general relativity and in theories aiming at unifying gravity with the forces of the Standard Model, the value of the "fundamental constants" is often determined by the vacuum expectation value of new fields, which may thus change in different backgrounds. Variations of fundamental constants with respect to the values measured today in laboratories on Earth are expected to be more evident on cosmological timescales and/or in strong gravitational fields. In this paper, I show that the analysis of the Kα iron line observed in the X-ray spectrum of black holes can potentially be used to probe the fine structure constant α in gravitational potentials relative to Earth of ∆φ ≈ 0.1. At present, systematic effects not fully under control prevent to get robust and stringent bounds on possible variations of the value of α with this technique, but the fact that current data can be fitted with models based on standard physics already rules out variations of the fine structure constant larger than some percent.
Introduction
The Einstein Equivalence Principle (EEP) is a fundamental concept in general relativity and in other theories of gravity. It is based on the following three assumptions [1]:
1. Weak Equivalence Principle (WEP). The trajectory of a freely-falling test-particle is independent of its internal structure and composition.
Local Lorentz Invariance (LLI)
. The result of any local non-gravitational experiment is independent of the velocity of the freely-falling reference frame in which it is performed.
Local Position Invariance (LPI)
. The result of any local non-gravitational experiment is independent of where and when in the Universe it is performed.
The WEP is equivalent to the statement that the "inertial mass" is always proportional to the "gravitational mass", and therefore we can choose a system of units in which such a proportionality constant is 1. Moreover, it seems (Schiff's conjecture) that any complete and self-consistent theory of gravity in which the WEP holds necessarily implies the LLI and the LPI, and therefore the EEP [1] . However, a rigorous proof on such a conclusion is lacking. The EEP is satisfied by metric theories of gravity, including general relativity and all those frameworks in which the spacetime is characterized by a symmetric metric and possible new degrees of freedom universally couple to matter. Extensions of general relativity and theories aiming at unifying gravity with the forces of the Standard Model typically violate the EEP [2] [3] [4] [5] [6] [7] [8] [9] [10] (see also Appendix A). Tests of the EEP can thus be seen as an alternative strategy to discover new interactions and they can potentially find signatures of high energy physics in the low energy gravity sector. The search for time and/or space variations of fundamental constants is a quite hot topic today and can involve different research fields [11, 12] . It is a test of the LPI, and therefore of the EEP. For instance, in superstring theories, the low energy parameters of the Standard Model depend on the vacuum expectation value of scalar fields (dilaton, moduli). As the latter is determined by the background geometry, it is quite natural to expect both temporal variation on cosmological scales and a dependence on the gravitational potential of the values of these quantities. However, clear predictions are not possible, and the common strategy is to adopt a phenomenological approach, constraining possible variations of fundamental constants in many different ways.
The possibility of time and/or space variations of the fine structure constant α = e 2 / c ≈ 1/137 has attracted a lot of interest. Atomic clock experiments can constrain possible temporal variations of α today at the level of |α/α| 10 −17 yr −1 [13] . In Ref. [14, 15] , the authors reported evidence for a different value of α in quasar spectra at high redshift, which was initially interpreted as an indication for a temporal variation of the fine structure constant. More recent studies seem instead to point out a spacial variation of α, with the existence of a preferred direction in the Universe: for redshift z > 1.8, data from the Keck telescope for the Northern sky suggest ∆α/α = (−0.74 ± 0.17) · 10 −5 , while data from the VLT telescope for the Southern sky give ∆α/α = (+0.61 ± 0.20) · 10 −5 [16] . While it is not clear how robust these results are, they cannot be explained by the known systematic effects. The dependence of the fine structure constant on strong gravitational fields has been studied in [17] . The authors compare laboratory spectra with far-UV astronomical spectra from the white-dwarf star G191-B2B and obtain the constraints
for a dimensionless gravitational potential relative to Earth of ∆φ ≈ 5 · 10 −5 , where φ = G N M/rc 2 , M is the mass of the white dwarf/Earth, and r its radius.
Kα iron line
The X-ray spectrum of black hole candidates is often characterized by the presence of a powerlaw component. This feature is commonly interpreted as the inverse Compton scattering of thermal photons by electrons in a hot corona above the accretion disk. This "primary component" irradiates also the accretion disk, producing a "reflection component" and spectral lines by fluorescence in the X-ray spectrum. The strongest line is the Kα iron line at 6.4 keV. This line is intrinsically narrow in frequency, while the one observed appears broadened and skewed. The interpretation is that the line is strongly altered by special and general relativistic effects, which produce a characteristic profile, first predicted and identified from Cygnus X-1 data in Ref. [18] (though that observation was originally published in [19] ). For a review, see e.g. Refs. [20, 21] . The profile of the Kα iron line depends on the background metric, the geometry of the emitting region, the disk emissivity, and the disks inclination angle with respect to the line of sight of the distant observer. In 4-dimensional general relativity, black holes are described by the Kerr solution and are characterized by only two parameters; that is, the mass M and the spin angular momentum J. The dimensionless spin parameter a * = J/M 2 is the only relevant parameter of the background geometry, while M sets the length of the system, without affecting the line profile. In those sources for which there is indication that the line is mainly emitted close to the compact object, the emission region is thought to range from the radius of the innermost stable circular orbit (ISCO), r in = r ISCO , to some outer radius r out . The disk emissivity is often assumed to be a power-law in radius of the form I e ∝ 1/r q . The simple lamp-post model gives q = 3 at large radii r r g , where r g = G N M/c 2 is the gravitational radius of the object. This becomes a quite bad approximation for the inner accretion disk, which can be very important for the spin measurement of fast-rotating black holes. In Ref. [22] , the authors compute the emissivity index q in the lamp-post model as a function of the radial coordinate for different lamp-post heights (see their Fig. 3 ). In practice, one often assumes an inner and an outer emissivity indices, say q 1 and q 2 , which are determined during the fitting procedure [23] . The fourth parameter is the inclination of the disk with respect to the line of sight of the distant observer, i. The dependence of the line profile on a * , i, q, and r out in the Kerr background has been analyzed in detail by many authors, starting from Ref. [18] . The profile of the Kα iron line in non-Kerr spacetimes is discussed in Refs. [24] [25] [26] [27] [28] . The spin parameter a * determines the ISCO radius, ranging from r g for a * = 1 (maximally rotating black hole and corotating accretion disk) to 6 r g for a * = 0 (non-rotating black hole), and 9 r g for a * = −1 (maximally rotating black hole and counterrotating accretion disk). As shown in the left panel of Fig. 1 , a * can be inferred from the low energy tail of the line, which is produced by the strong gravitational redshift at small radii. The right panel of Fig. 1 shows instead the effect of the inclination angle i on the line profile: a higher (lower) inclination angle moves the high energy cut-off to higher (lower) energies, with small effects on the extension of the low energy tail 1 . Indeed, the cut-off is produced by Doppler blueshift at relatively large radii, approximately in the region 7 < r/r g < 25 (left panel of Fig. 2 ). Doppler boosting is maximum for edge-on disks (i → 90 • ) and vanishes for face-on disks (i → 0 • ).
Constraints
The position of the high energy cut-off, which is determined by i in the standard theory, may also be changed by a variation of the energy of the line. This is shown in the right panel of Fig. 2 . The energy of the Kα iron line is set by the Rydberg energy,
where m e is the electron mass and Z = 26 the atomic number of the iron. If we can have an independent measurement of the inclination angle of the accretion disk, the determination of the position of the high energy cut-off of the Kα iron line can potentially measure the value of α 2 m e in a gravitational potential relative to Earth of ∆φ ≈ 0.1 (or the value of α, if we assume that the electron mass cannot change). Let us note that here photons are emitted from the accretion disk, propagate in a Kerr spacetime, and eventually reach the Xray detector, which measures the photon energy with the value of the fundamental constants on Earth. So, we are effectively comparing the energy of the Kα iron line in the region around the black hole with the one measured on Earth. We can potentially constrain the value of fundamental constants with a single energy line because we can calculate the redshift factor. In Refs. [14] [15] [16] [17] , the authors have to consider two lines with different α-dependence because 1 In Fig. 1 , the photon flux is normalized as ∞ 0
N (E)dE = 1 (see Ref. [25] ) and this causes a certain dependence of the low energy photon flux on i. While the inclination angle surely alters the Doppler redshift/blueshift, the effect is subdominant with respect to the gravitational redshift and therefore the low energy tail is mainly determined by the black hole spin parameter. If we focus on the low energy tail, we can use the normalization • , inner radius r in = r ISCO = r g , outer radius r out = 100 r g , index of the emissivity profile q = 3; the panel shows the total flux as well as the corresponding contributions from the disk regions 1 < r/r g < 7, 7 < r/r g < 25, and 25 < r/r g < 100. The high energy cut-off in the spectrum is due to Doppler blueshift at radii 7 < r/r g < 25. Right panel: As in the right panel of Fig. 1 , with viewing angle i = 45
• and different values of E Kα .
the redshift factor is not known and therefore with a single line one can only measure a combination of the redshift and of the value of α. Independent estimates of the inclination of the disk are possible. Detection of EEP violation relies on an "apparent" misalignment between the inclination angle of the inner disk (inferred from the iron line) and the angle of the orbital plane of the binary system (obtained from optical/near-infrared light curve measurements) or the angle of the jet. The crucial assumption of this approach is therefore that there is no "real" misalignment between the inclination of the inner disk and the reference one. If the jet is powered by the black hole spin, strictly speaking the jet measurement provides the inclination angle of the spin. However, the Bardeen-Petterson effect should quickly align the inner accretion disk to the
Cygnus X-1 27. Table 1 . List of the stellar-mass black hole candidates for which the inclination angle i can be inferred from the analysis of the Kα iron line and from at least another method. Strictly speaking, optical/near-infrared observations (O) determine the inclination angle of the orbital plane of the binary system. The measurements of the inclination angle of the jet (J) should at least reflect the orientation of the black hole spin. See the text for details. black hole spin [29] . If the jet is powered by the rotational energy of the disk, its measurement automatically gives the inclination angle of the inner disk. The orbital plane of the binary system is obtained from optical/near-infrared observations of the stellar companion and of the accretion disk at large scales. In the case of an initial misalignment with the black hole spin, the disk forces the black hole to alignment with a time scale of order 10 6 − 10 8 yrs [30, 31] . Such a time is typically shorter than the age of the system, so that (in the worst situation, i.e. measurement of the inclination angle of the orbital plane and initial misalignment with the black hole spin) one could expect that only 1 − 2% of the black hole binary systems with an initial misalignment are still misaligned. Let us notice that the original alignment timescale estimated in Ref. [30] was overestimated by a factor 50 due to a numerical error in Eq. (6) of that paper.
Tab. 1 shows the list of black holes in X-ray binary systems for which an estimate of the inclination angle from both dynamical/jet methods and analysis of the iron line are reported in the literature [23, [32] [33] [34] [35] [36] [37] [38] [39] [40] . The first column reports the name of the source and the second column the estimate of i from optical/near-infrared light curve (O) and jet (J) measurements. The third, fourth, fifth, and sixth columns are for the measurements obtained from the analysis of the Kα iron line. As the shape of the line depends on several free parameters, the fitting procedure is very time consuming, while the data are not always very good. It is thus common to restrict the range of the free parameters on the basis of independent estimates. The fourth column shows exactly the range of i adopted in these studies. Cygnus X-1 has been studied in Refs. [23, [36] [37] [38] , always leaving i completely free. The low spin parameter found in Ref. [36] seems to be due to both improper data state (the source was not in the high/soft state) and the improper usage in the continuum model in extracting the skewed iron line profile (see discussion in Section 7.1 of [41] ). The two inclination angles found in Ref. [23] refer to two different models: the lower value is provided by a model with two emissivity indices obtained from the fit, while the higher one by a model with q = 3. The authors of Ref. [38] consider several models, and the ones that provide good fits have inclination angles ranging between 40 • and 69 • . Such a model-dependent inclination angle in the results of Ref. [38] may come from missing physics, which was not important in observations of satellites like Chandra and XMM-Newton, but that cannot be ignored for NuSTAR. The seventh column of Tab. 1 shows the measurements of the variation of the fine structure constant α (assuming that m e is a true constant) obtained by comparing a line at E = 6.40 keV with i given by the fifth column with lines resulting from a variable rest-frame energy and an inclination angle given by the first column of Tab. 1. Since the aim of the present paper is just to propose this technique to constrain possible variation of the fine structure constant in strong gravitational field, the bounds on ∆α/α reported in Tab. 1 have been obtained by comparing two theoretical models, not from actual data, which simplifies the analysis a lot. The other model parameters are fixed, because the high energy cut-off of the iron line profile is not very sensitive to them (see Appendix C for the details). The procedure to determine ∆α/α is described in Appendix C.
Discussion
Based on the simplified approach discussed in Appendix C that does not analyze real data but compares two theoretical models with the measurements reported in the literature, one can find the constraints on possible variations of the fine structure constant α in the gravitational fields of stellar-mass black holes shown in the last column of Tab. 1. The uncertainties on ∆α/α are smaller than the differences between the bounds inferred from different measurements and sources, which suggests that there are systematics effects not properly taken into account. However, if we consider the spread of these constraints as uncertainty, we can argue that the X-ray data are consistent with no variations of α larger than some percent. If we exclude the measurements reported in Ref. [38] , all the constraints converge to |∆α/α| < 3%. In Ref. [38] , the authors consider different models and the ones with a good fit require an inclination angle in the range 40 • and 69 • . If the dynamical estimate of i from Ref. [32] is correct and there is not a misalignment between the inner accretion disk and the orbital plane of the binary system, these measurements would suggest a non-vanishing ∆α/α in the range 2 − 10%. However, a ∆α/α exceeding 3% would disagree with all the other results reported in the literature and can be probably excluded.
All the bounds have to be taken with some caution. In the case of the measurements reported in Ref. [23] for the inclination angle of the inner disk of Cygnus X-1, the author find i = 23.7 • consistent with the dynamical method for a model with two emissivity indices, q 1 and q 2 , both assumed as free parameters and determined in the fitting procedure. The angle i = 39.8 • is instead found for a model with q = 3. While the first model should be more reliable, this example shows the impact on the choice of the exact/wrong model to constrain variations of the fine structure constant.
In the case of the black hole binaries in 4U 1543-475, GRO J1655-40, and XTE J1550-564, the inclination angle is not really a free parameter, but it is allowed to vary in a small range. For 4U 1543-475 studied in [36] , the range is so small that i is effectively constrained by the optical observations, and therefore the bound on α is useless. For GRO J1655-40 and XTE J1550-564, the initial range of i is larger, but the fits require values at the boundary of the allowed range, so meaningful constraints can be put only on one side. For XTE J1550-564, the two measurements of the iron line are not consistent each other, and there exists also an estimate of the inclination angle of the jet whose uncertainty exceeds the allowed range of i in the analysis of Refs. [31, 36] (and for this reason it has not been used in Tab. 1).
As already pointed out, the bounds reported in Tab. 1 have been obtained from a simple analysis without using actual X-ray data, just to show how this approach can work and get a crude estimate of possible constraints. In the case of real data, the situation is more complicated. For the highly ionized gas in X-ray binaries, atoms are in different ionization states and therefore the spectrum is a combination of several lines, ranging from 6.6 to 7.0 keV [20, 21] . The exact spectrum depends on the "ionization parameter", which changes the relative contribution of the different ionization states. Different groups have computed tables of reflection spectra via radiative transfer for an illuminated atmosphere for a range of metallicities, densities, spectral indices, incident fluxes, and ionization parameters. In the studies reported in Tab. 1, the authors use these tables, not the value 6.4 keV. The fact that there is a spectrum rather than a single line makes the analysis more complicated, but it should not alter the ability to constrain ∆α/α if all the astrophysical details are properly taken into account. The ionization parameter is inferred by the fit, but the keypoint is that the correlation between the ionization parameter and the inclination angle is not large [42] . If the ionization parameter is determined correctly, the exact spectrum is known. Let us also note that even the cleanest neutral 6.4 keV line is never a single line, but a blend of two lines that differ in energy by about 0.3%. That is further complicated by the fact that multiple ionization states each with multiple iron ion species radiate in different regions of the disk. The determination of the exact spectrum is currently the main source of uncertainty for the estimate of the viewing angle which, otherwise, could be determined with higher precision. While it is beyond the scope of the present paper to properly address this problem, it is definitively a key-issue in the future use of the Kα iron line to test the value of the fine structure constant in the strong gravitational field of black holes. Intuitively, it seems that this is just a complication, but that it does not affect the method once the exact spectrum is determined, because it should just manifest as a shift which cancels out in the fit. However, the issue requires a much more detailed investigation, to exclude a possible correlation between the value of α and the estimate of the spectrum, which otherwise would invalidate or at least weaken this method to constrain α from the iron line profile.
In the study reported in this paper, the Kerr solution has been assumed as background metric. Actually, black holes in alternative theories of gravity may be described by other solutions. In those theories in which modifications to general relativity are Planck scale suppressed in the infrared, the Kerr metric is a good approximation. In the other cases, the position of the high energy cut-off of the iron line may be slightly different from the one around a Kerr black hole with the same viewing angle. That is mainly the result of a different orbital velocity of the gas. The angle i inferred from the iron line assuming (erroneously) the Kerr metric can be the correct one or be different by 1-2 degrees with respect to the true angle (sometimes even more), depending on the specific background [25, 26, 28] . An observation confirming the same value of α as the one on Earth could suggest that this is not the case, but in principle one cannot really exclude a fine compensation between a non-vanishing variation of α and a different Doppler blueshift producing an effect of the same magnitude but of opposite sign. Such a possibility can be ruled out in the case of measurements of i from sources with different inclination angle.
Since the value of fundamental constants like α may be determined by the vacuum expectation value of some fields, the analysis of the Kα iron line can test the existence of hairy black holes [43] [44] [45] [46] [47] . The presence of fields non-universally coupled to matter would affect also the motion of particles. In other words, we should expect also a violation of the WEP. However, one can see that such a possibility does not affect the calculations of the Kα iron line. As shown in Appendix B, photons still follow the null geodesics of the spacetime, and therefore the calculation of the photon trajectories from the disk to the plane image of the distant observer is unaltered. Modifications of the photon trajectories would require additional new physics, like a term in the Lagrangian that provides mass to the photons. The properties of the trajectories of the gas's particles in the disk are also not affected by possible variations of α, because they follow circular orbits, and therefore they feel the same value of α as a consequence of the axisymmetric background.
Summary and conclusions
Time and/or space variations of fundamental constants violate the EEP. The validity of the EEP is a fundamental ingredient in general relativity, but its violation is often expected in alternative theories of gravity and in theories aiming at unifying gravity with the forces of the Standard Model. Today there is no clear evidence of variations of fundamental constants, but observations of quasar spectra at high redshift hint at different values of the fine structure constant α = e 2 / c with respect to the one measured on Earth [14] [15] [16] . A possible dependence of α on gravitational fields has been recently constrained in Ref. [17] from the far-UV spectra of a white-dwarf star, thus probing a gravitational potential relative to Earth of ∆φ ≈ 5·10 −5 , and the bound is |∆α/α| 10 −4 . In this work, I showed that the position of the high energy cut-off in the profile of broad Kα iron lines observed in the X-ray spectrum of black holes can be used to test α in much stronger gravitational fields, where ∆φ ≈ 0.1, when an independent measurement of the disk's inclination angle is available. At present, there are systematic effects not fully under control, and therefore this technique cannot provide robust and stringent constraints on α. Based on a simplified approach that does not analyze real data but compares two theoretical models with the measurements reported in the literature, I obtained the bounds in the last column of Tab. 1. The uncertainty on these constraints is smaller than their difference, which suggests that at least in some studies the systematics has not been properly taken into account. However, all the measurements are consistent with no variation of α large than some percent. This can be considered the present crude bound on possible variations of α with this approach. Even if we consider the measurements reported in Ref. [38] , in which the authors find an inclination angle exceeding 40 • and up to 69 • , the data could still be explained with a variation of α lower than 2 − 10% (but a ∆α/α > 3% seems unlikely because in disagreement with all the other studies). If in the future it is possible to have all the systematics under control, constraints of ∆α/α better than 1% with this technique do not seem to be out of reach.
A Theories violating the Einstein Equivalence Principle
The theories satisfying the EEP are called "metric theories of gravity" as they meet the following assumptions (for more details, see Ref. [1] ):
1. The spacetime is endowed with a symmetric metric.
2. The trajectories of freely-falling test-particles are the geodesics of that metric.
3. In any local freely-falling reference frame, the non-gravitational laws of physics reduce to the ones of special relativity.
General relativity is clearly a metric theory of gravity. Tensor-scalar theories are metric theories of gravity if the additional degrees of freedom universally couple to matter. For instance, if we consider a theory in which the gravity sector is described by the spacetime metric g µν and by a scalar field φ, and gravity is universally coupled to matter, the total action looks like
The crucial point that determines the fact that the action in (A.1) belongs to a metric theory of gravity is that the matter sector responds to the metric
and therefore we can perform the conformal transformation above and find that all the particles follow the geodesics of the metricg µν and that the result of any local non-gravitational experiment must meet both the LLI and the LPI. On the other hand, if the new degrees of freedom do not universally couple to matter, such a transformation is not possible. If the total action is
we can still perform the conformal transformation in Eq. (A.2), but now we find that the particles associated to the field ψ m1 follow the geodesics of the metricg µν , but the ones associated to the field ψ m2 do not; that is, the WEP is violated. The transformation
does not fix the problem: now the particles associated to ψ m2 follow the geodesics of the metricĝ µν , but the ones associated to ψ m1 do not. The EEP turns out to be violated in many extensions of general relativity. Let us now assume that all the elementary particles responds to the metric g µν . The electromagnetic action can be [8] [9] [10] 
where g em is the "actual" electromagnetic coupling and F µν is the strength of the electromagnetic field. The "effective" electromagnetic constant turns out to be 6) and, if φ is not constant, the LPI can be violated. From the new Maxwell's equations, one can see that photons still follow the null geodesics of the metric g µν (see Appendix B). In general, a space and/or time variations of the fine structure constant implies also a violation of the WEP, because the mass of particles like protons and neutrons receives contributions from the electromagnetic interaction and therefore spacetime variations of α necessarily imply spacetime variations of their masses, which violates the equivalence between inertial and gravitational mass. However, the calculations of the profile of the Kα iron line only involve the properties of equatorial circular orbits of the gas's particles, which are not affected by a possible dependence of α on φ for axisymmetric backgrounds.
B Photon propagation in the background metric
In the standard theory, Maxwell's equations ∇ ν F µν = 0 imply that photons follow the null geodesics of the background metric, see e.g. Section 22.5 of Ref. [48] . Indeed, from the identity
and the Lorentz gauge condition ∇ ν A ν = 0, Maxwell's equations ∇ ν F µν = 0 become
In the geometrical optics approximation, the electromagnetic potential A µ can be written as 
The leading order in the -expansion is O( −2 ) and gives k ν k ν a µ = 0, i.e. k ν is a null vector.
which implies that photon trajectories are the null geodesics of the metric g µν . If the action of the electromagnetic sector is the one in Eq. (A.5), the variation of the electromagnetic potential A µ provides modified Maxwell's equations
If we use Eq. (B.3), we have
, the leading order term of Maxwell's equations remains k ν k ν a µ = 0 and photons still follow the null geodesics of the background metric. • , inner radius r in = r ISCO , outer radius r out = r ISCO + 100 r g , index of emissivity profile q = 3. . The other parameters are: spin parameter a * = 0.9, inner radius r in = r ISCO , outer radius r out = r ISCO +100 r g , index of emissivity profile q = 3.
C Error analysis
from the one of the other parameters. Such a statement can be quantitatively justified with the error analysis described below. For a crude estimate aiming at showing the basic idea of the proposal of the present paper, we can restrict the attention only to the viewing angle when we constrain possible variations of the fine structure constant.
The value of the Kα iron line in the strong gravitational field of a black hole can be estimated by comparing the iron line profile with E = 6.4 keV and the angle inferred by the iron line fit (column 5 in Table I ) with the profiles calculated with the "actual" energy E (which may be different from 6.4 keV because of a different value of α) and the angle obtained from dynamical/jet measurements (column 2 in Table I ). The latter are clearly independent of the values of fundamental constants close to the compact object. If the other parameter • , inner radius r in = r ISCO , outer radius r out = r ISCO +100 r g . • , inner radius r in = r ISCO , index of emissivity profile q = 3.
are fixed, the reduced χ 2 is
where the summation is performed over n sampling energies E i , p is the number of free parameters in the model being fitted (here p = 1), and N i is the normalized photon fluxes in the energy bin [E i , E i + ∆E].ã * ,ĩ iron ,q, andr out have the values measured by the iron line fit, whileĩ has the one inferred by the optical/near-infrared light curve observations or jet measurements.Ẽ Kα = 6.4 keV. The resulting energy E Kα is the one that minimizes the reduced χ 2 . This provides the central value of ∆α/α in the last column of Table I in the paper. The ∆E used in these calculations is 100 keV, which is roughly the resolution of current X-ray facilities, and the summation is performed over a small energy range of 2 keV around the peak of the line. While data are often more sensitive to lower energies, depending on the detector and its effective area, because of the reduced energy range here the same weighting has been assigned to different energies.
The uncertainty on ∆α/α reported in Tab we get four different energies (coming from the four different combinations ofĩ ± ∆ĩ and i iron ± ∆ĩ iron ). We can then take the two extreme values as upper and lower values of ∆α/α. As we are considering only the central value for the other model parameters (ã * ,q, andr out ), neglecting their uncertainty, it is not really important the energy range under consideration, in the sense that the final result does not depend on this choice.
For instance, if we consider the values reported in Ref. [36] for the black hole in Cygnus X-1, this approach gives E = 6.46 keV as central value of the energy, while the lower and upper bounds are, respectively, E = 6.42 keV (when i = 27.9 • and i iron = 29 • ) and E = 6.49 keV (when i = 26.3 • and i iron = 31 • ). So, ∆α/α = +0.005 ± 0.003. The results in Ref. [37] give E = 6.50 keV as central value, and E = 6.44 keV (when i = 27.9 • and i iron = 30 • ) and E = 6.56 keV (when i = 26.3 • and i iron = 34 • ) as, respectively, lower and upper ones. The constraint on the fine structure constant is ∆α/α = +0.008 ± 0.005.
If we want to include the uncertainty of the other parameters, we can proceed as follows. For instance, including the effect of the uncertainty of the spin we can write and find the minimum of the reduced χ 2 . If we restrict the analysis to the very small energy range including the peak and higher energies, we see that the effect of the uncertainty on a * is roughly an order of magnitude smaller. The uncertainty on q andr out also produces small effects. A proper error search over multiple parameters could be done better with multivariate gaussian draws from the parameter distribution.
